We show that an array of identical two level systems coupled losslessly to a one dimensional waveguide is able to realize a high fidelity conditional phase shift useful for quantum logic. We propose two arrangements of emitters (one that relies on direct interactions between the emitters, and one that does not), and describe possible physical realizations and limitations.
Photons are one of the best carriers of quantum information, as they interact only weakly with the environment, and photon processes are fast and efficient. Despite these advantages, two main issues have prevented alloptical quantum computing from being realized as effectively as computing with ions, trapped atoms, or superconducting qubits: true on-demand single photon sources are difficult to create and photon-photon interactions are challenging to engineer. In this paper we propose a realistic means of circumventing this second challenge and demonstrate how two level emitters (TLEs) coupled to a one-dimensional waveguide can, in principle, implement a passive, near-deterministic conditional phase (CPHASE) gate between two photons.
There have been many proposals to overcome this second challenge. Many schemes of all-optical QIP (such as [1] ) only work probabilistically, requiring a substantial overhead. Other proposals require active elements or control of an optical medium [2] [3] [4] but this typically makes them difficult to scale up to large computations. Schemes based on temporary storage of one of the photons are either complicated by the need for several steps [5] , or require quantum memories for intermediate storage [6] . Ideally, what one would want is to simply send two photons flying through a nonlinear medium and have them exit with a useful, conditional phase, as originally proposed in [7] . However, existing, conventional media do not exhibit sufficiently strong optical nonlinearities, and may be too "noisy" for quantum information processing applications [8] , while spectral entanglement has also been identified as a potential issue in these schemes [9] .
A recent important step in this direction was provided by Brod and Combes in [10, 11] , where they showed that an array of two level systems can, in principle, allow two photons to conditionally interact without becoming spectrally entangled. Central to their scheme is the idea that the photons must propagate in opposite directions through the array, requiring either a perfect chiral coupling between the emitters and the waveguide, or the use of optical circulators at every step. Additionally, their proposal required some way to have the TLEs interact while keeping the photons physically separate.
Here we show that an array of two-level atoms coupled to an ordinary (non-chiral) waveguide can, in principle, perform the CPHASE operation between two counterpropagating, single-photon wavepackets. Our scheme relies on the existence of transmission resonances in the interaction of a single photon with a pair of TLEs, which we pointed out in [12] and which have been interpreted as Fano resonances by other authors ( [13] ; see also [14] [15] [16] ). We showed in [12] that, under the right conditions, these transmission windows persist in the nonlinear regime where two counterpropagating photons interact with the pair of TLEs, so the photons are transmitted with near-unit probability, but they pick up a nontrivial phase as they do so.
Ideally, a conditional phase gate would impart a phase φ 1 to the states |0 |1 and |1 |0 (where 1 and 0 refer to the presence or absence of a photon) and a phase φ 2 to the state |1 |1 . As long as Φ = φ 2 − 2φ 1 = 0, this gate, together with single photon gates, would enable universal quantum computation. In practice, we desire Φ to be as large as possible while maintaining a high fidelity, as discussed below. In our scheme, as we show here, Φ = π is possible for an array of pairwise interacting atoms, and Φ = π/2 for a system without interactions.
Regarding the issue of fidelity, we note that (in the same way as [10] ), our gate will distort the spectrum of a single photon. As pointed out by Brod and Combes, this can be overcome by ensuring that at every step in the computation all photons are distorted in the same way. We then define the fidelity of the two-photon operation relative to the product state of two independent singlephoton transmissions through the array of N pairs of scatterers. Formally, we write
where the target state has the form |Target
ω2 |0 , and t N (ω) is an appropriate single photon transmission coefficient for the array of N sites.
The first scheme that we consider utilizes the transmission window presented in Fig. 4 of [12] that is created when two identical emitters can directly exchange a quanta of energy. Specifically, we postulate an interaction between neighboring TLEs of the form
FIG. 1: A schematic for the construction of a gate using pairs of emitters with a direct energy-exchange interaction; TLEs are arranged in closely-spaced pairs, and successive pairs are placed far enough apart so that the interaction between pairs is negligible.
(where |g and |e denote the ground and excited states, respectively). This is a Förster-type interaction that may arise naturally between quantum dots [17] , and it has also been used by other authors to model the dipole-dipole interaction between neighboring two-level atoms [18] . As we showed in [12] , when the condition sin(2πd/λ) = −∆/g 2 = −1 is satisfied (where d is the distance between the emitters, λ the central wavelength of the photons, and g the coupling between the emitters and the waveguide mode), and the incoming photons are on resonance, two counterpropagating photons will be perfectly transmitted through the pair of emitters, while their spectra are modified according to the single-pair scattering matrix
where henceforth Γ ≡ g 2 , and t 1 (ω) = −(Γ + iω)/(Γ − iω). This scattering matrix turns out to be identical to the single site scattering matrix of Eq. (29) in [11] when the interaction proposed there has an infinite strength (i.e. χ → ∞), which is also the limit in which their gate operates optimally. Here, we see how this result may arise from a finite-strength, realistic interaction between TLEs, and, because of the perfect transmission property, no special effort is required to ensure a chiral coupling.
To build the equivalent of the Brod-Combes gate, one could then arrange pairs of emitters as in Fig. 1 , where the distance between emitters in a pair is 3/4 of a wavelength, and each pair is separated by many wavelengths from its nearest neighbor, to ensure that the interaction between emitters in different pairs is negligible. A possible physical realization of such an arrangement would consist of placing closely-spaced quantum dots or pairs of superconducting circuits connected by a wire within a photonic crystal waveguide, as this would ensure strong coupling to the guided modes and provide a realistic means of ensuring direct energy transfer between emitters.
Since the photons are transmitted through each pair
Dependance of the phase and fidelity of the gate operation on the separation between neighboring sites, z, for N = 12 pairs of emitters. This was calculated for an unentangled initial state with a Gaussian profile of width (standard deviation) σω. c is the speed of light in the waveguide. The dashed line shows the value of Γ/σω for which maximum fidelity was predicted in [10] . The black dot shows the prediction of [10] for the gate fidelity, a somewhat different measure from the one we have adopted here.
with unit probability, they can only interact at one pair; after this, they will just continue to transmit through the array in opposite directions. This limits the number of scattering channels, and for N pairs of emitters, each with center located at z j , the scattering matrix is
This result is identical to the χ → ∞ limit of the scattering matrix given in Eq. (60) of [11] , provided all z j = 0. By including the positions of the pairs, we are able to study the effect of emitter separation and placement in the fidelity of the gate, something that was absent in the analysis in [10] . In Fig. 2 we show how, for N = 12 sites, emitter separation modifies the fidelity of the operation. We may understand Fig. 2 by extending an argument first presented in [10] . Suppose each photon spends a time of the order of 1/Γ interacting with each pair of TLEs, and a time z/c in transit from one pair to the next. We get a total time N/Γ + N z/c, and we expect optimal coupling when the initial duration of the pulse, 1/σ ω , is of this order of magnitude, that is, N σ ω /Γ+N σ ω z/c ∼ 1. In addition, we want σ ω z/c ≪ σ ω /Γ to insure that the photons spend most of their time at the interaction sites, so they can meet at one of them, rather than "passing by each other" in transit. Lastly, for reasons discussed at length in [11] , we want to be in the strong adiabatic limit where Γ ≫ σ ω . The figure shows how all these requirements play against one another, for the relatively small number of sites N = 12.
The particular parameter choice we have discussed so far, namely ∆ = Γ and d = 3λ/4 in each pair, has the formal advantage of reducing exactly to the Brod-Combes gate, and of exhibiting a very broad transmission window, but it may be very difficult to satisfy in practice. Alternative (although, in general, narrower) transmission windows can be found for other values of ∆, and even for ∆ = 0 (which means no direct interaction between the TLEs in a pair), provided a finite detuning is introduced. For simplicity, therefore, we will consider the ∆ = 0 case in the remainder of this paper, and show that in this limit also a usable conditional phase can be obtained.
For non-interacting TLEs, we found in [19] that high transmission of counterpropagating photons through a pair of TLEs will happen for a detuning δ and distance d satisfying tan(2πd/λ) = −δ/Γ (see Fig. 3 and Eq. (24) of [12] , for the single-photon and Fig. 8 and Eq. (49) for the two-photon case). However, the narrow transmission window means that for a finite bandwidth pulse there will always be a small reflection probability, and the cumulative effect of this could completely ruin the performance of an array consisting of a large number of pairs.
To address this problem, we have looked at ways to place the various pairs so as to maximize the overall transmission probability through the array. For a single photon, this can be done by describing each pair of TLEs by its (frequency-dependent) reflection and transmission coefficients, and arranging the distance between pairs to maximize destructive interference of the reflected fields. The result is a broader and flatter transmission curve as a function of frequency for the whole array, as seen in Figure 3 , so a Gaussian pulse can be nearly perfectly transmitted. The particular arrangement shown in the top diagram in Fig. 3 was derived by analytically maximizing transmission between two pairs, then four pairs, then eight pairs, up to thirty two pairs. It is specifically chosen for the case δ = Γ (a convenient choice, as we show below).
Under these conditions, we can approximate the effect of a single pair of atoms on a single incident photon as just the (frequency-dependent) phase factor t 1 (ω) = exp[−2iφ − 2iω/δ], where φ ≡ 2πd/λ, in the adiabatic regime where both δ and Γ are much greater than σ ω . In this same regime, we can derive from Eq. (46) of [19] the following two-photon scattering matrix for a single site (to be compared to Eq. (4)):
where Γ ± = Γe iφ (1 ± cos φ)/ cos φ. When this result is used to form the N -site scattering matrix (as in Eq. (4)), the same treatment as in [11] shows that in the adiabaticand large-N limit one should get a product state with a usable phase of Φ = −2φ, which is equal to π/2 for the choice δ = Γ.
To verify this prediction numerically, we have extended the time-domain solution for multi-photon pulses presented in [19] and [12] so as to describe the scattering of two photons from an array of N emitters at arbitrary positions. We present the full derivation in the supplementary material for this paper, as it is rather involved. The solution follows the same time-domain method and uses the "Markovian approximation" presented in [12] . Thus it holds as long as the separation between the farthest pairs of emitters is negligible compared to the spatial length of the photons. We have also verified this-that is to say, the validity of the Markovian approximationusing an exact calculation for single photons following the procedure given in [20] . We find that as long as the term σ ω z/c ≈ 10 −3 , with z again being the separation between neighboring pairs, the exact and Markovian solutions only differ by around 1% for up to N = 50 pairs. Fig. 4 shows the results of this numerical calculation for the fidelity and phase defined as in Eq. 1. Clearly, as the number of pairs increases the infidelity goes down, and we find a usable phase Φ = φ 2 −2φ 1 that approaches π/2. The infidelity follows a power law well, and is given by 1− √ F max = 8.16N −1.97 , where N is the number of pairs of TLEs. The points of maximum fidelity occur at Γ/σ ω = 3.67N 0.5536 . This scales similarly to the design using interacting pairs, as there the infidelity follows 1 − √ F = .988N −1.57 and maximum fidelity occurs (in agreement with [10] , provided Γ = γ/2 as we use a bidirectional waveguide) when Γ/σ ω = 1.42N
.818 . We turn now to consider the sensitivity of this gate to imperfections in the experimental setup. The design we considered earlier, using interacting atoms, had the advantage of a virtually unbounded transmission bandwidth, although this was achieved at the cost of having to meet the very precise requirement ∆ = Γ (where ∆ is an interaction strength, which cannot be adjusted simply by changing the separation between the atoms, since that needs to satisfy sin(2πd/λ) = −1). The non-interacting scheme is much more flexible in that regard, since one can always adjust the detuning δ to have δ = Γ, but the price is a narrower transmission window. We find, in particular, that an exponentially-decaying pulse, with a Lorentzian spectrum, has a significantly lower transmission probability through the arrangement in Figure  3 : the maximum fidelity for N = 14 pairs is only .699, compared with .955 for a Gaussian of the same duration (as measured by the standard deviation in time for the wavepacket, σ t ). However, it is certainly possible (as has been shown, for example, in [21] ) to modify the shape of a single photon so that it has a Gaussian profile. While such a process introduces losses, it would only need to be
A polar plot of the phase (angle) and fidelity (radius) of the two photon operation with random errors in the positions. The maximum allowable error has been scaled so that any individual atom may at most be offset by a percent of the wavelength given by, from top to bottom: 0.1% (red); 0.1% in the spacing between atoms in a pair and 10% in the spacing between pairs (green); 1% in both (orange); 10% in both (purple). The dashed regions represent the standard deviation in the angle and the fidelity centered around the mean (black dot).
performed once (for each photon), at the beginning of a computation.
One feature common to both designs is that they rely on a very particular arrangement of emitters. Realistic systems will contain errors, however, and in order to estimate the sensitivity of this system to the placement of the TLEs we have calculated the phase and fidelity of the output state of the non-interacting design for N = 14 pairs (chosen because it has a high fidelity but is relatively quick to compute), including random errors in the location of the emitters.
As can be seen in Fig. 5 , the system is very sensitive to the placement of the scatterers. An error of 0.1% of the wavelength does not significantly affect the result, but a random error of 1% of the wavelength both significantly decreases the phase and the fidelity. If the error in the placement of the scatterers has a maximum of 10%, the desired effect is gone. The most important parameter appears to be the spacing within an individual pair; when the error in the placement of emitters within a pair is on the order of 0.1% of a wavelength, the spacing between pairs can differ by 10% of a wavelength (green points in Fig. 5 ), and the system still works roughly as expected.
Finally, our results do assume that the emitters only interact with the waveguide modes, which will probably be the most challenging requirement, since each photon needs to interact with a large number of scatterers. We note, however, that coupling efficiencies in excess of 98% have been reported for quantum dots in photonic crystal waveguides in [22] , so our system might not require a huge improvement over the current state of the art.
In conclusion, we have shown that a passive, deterministic, photon-photon CPHASE gate, along the lines first proposed by Brod and Combes [10] , can be realized physically by an array of two level systems embedded in a waveguide, with no need for chiral coupling, optical circulators, or even direct interaction between the TLEs. The nonlinear mechanism is, in essence, the competition of the two photons for the excitation of each atom, enhanced by an interference, or cavity-like, effect within each pair of atoms. While a realistic gate based on these designs would inevitably contain errors, the fact that the fidelity of the desired operation can be made quite high, in principle, suggests that these systems could drastically reduce the overhead currently exhibited by schemes for fault-tolerant quantum computation with photons and probabilistic gates. This would be a significant step forward in constructing all-optical quantum computers.
INTRODUCTION
We present here a number of results for the problem of two photons and N a two-level emitters (TLEs), in the case in which the TLEs do not directly interact with each other (in the notation of [12] , ∆ = 0). In Section 2 we show the formal solution to the problem, which we have used primarily for numerical calculations. Section 3 shows in detail how the approximate form for the scattering matrix for a single pair of TLEs presented in the main text (Eq. (5)) can be derived from the results we presented in [12] , and then iterated so as to yield an analytical approximation to the final scattering matrix of the two counterpropagating photons. Section 4 describes the way we have used the single-pair results in [12] to optimize the separation between pairs in order to increase the width of the transmission resonance, as shown in Fig. 3 of the main text.
Throughout this supplement, we will use N a to denote the number of TLEs ("atoms"), and N to denote the number of pairs, as we do in the main text, so N = N a /2.
FULL SOLUTION FOR TWO PHOTONS INTERACTING WITH A ONE-DIMENSIONAL ARRAY OF
Na SCATTERERS This is an extension of the time-domain solution first presented in [19] , and again in [12] , to deal with the case when one has N a identical two level emitters losslessly coupled to a one-dimensional waveguide at arbitrary positions, and interacting with a multimode two-photon field. The Hamiltonian for the system is
where the atomic operators σ † j and σ j raise or lower the j-th emitter, and the field operators arê
The operatorsÂ(t) andB(t) annihilate a right-or left-propagating photon, respectively, at the time t (see Eq.
(1) of [19] ). The operatorsφ j have the only non-vanishing commutator
This commutator always appears in the context of terms like
so, if z j > z k , only the first delta function in (S3) will contribute, and if z j < z k , only the second one will. Either way, the phase factor can be written as e ikF |zj −z k | . At this point, we make the so-called "Markovian approximation," which consists in neglecting the change in the state of the system over the time it takes for light to travel from one atom to another. That is, we set |ψ(t ± (z j − z i )/c) ≈ |ψ(t) . This is formally equivalent to replacing the commutator (S3) by
where we have defined θ j,k = e ikF |zj−z k | for compactness. To solve for the final scattered photon state, we express the system's total state as |ψ(t) = |ψ 2,0 (t) + |ψ 1,1 (t) + |ψ 0,2 (t)
where the first index refers to the number of photons and the second refers to the number of excited atoms. Each of these terms contains both atom and photon states. We use the same procedure introduced in [19] where we normalorder all photon operators to arrive at a closed, finite series solution for any finite initial photon number (in this case, two). We also define the operatorĥ(t) = Na j=1φ j (t)e −iδt σ † j so that, from the above Hamiltonian (Eq. (S1)), the equations of motion have the compact form of
We start by formally integrating Eq. (S7a) and substituting it into Eq. (S7b), then normal-ordering theĥ(t)ĥ † (t 1 ) term under the integral sign, using the commutator (S5). The result is
(S8) where |G is the initial atomic state (with all atoms in the ground state), and |ψ I is the initial photon state. We then define the operatorΓ = g 2 Na j,k=1 θ j,k σ † j σ k , which we use to get the formal solution
We now substitute |ψ 1,1 (t) into itself, and again put the field operators in normal order, making use of the result established in the Appendix of [19] , that in the Markovian approximation all field operators whose time variables, t i and t j , are nested more than 1 level apart (for instance, t 1 and t 3 , when t 1 > t 2 > t 3 ) effectively commute. Then only the term containing the initial field state survives when substituted in the last term of (S9), with the result
As this is in terms of just the initial state and |ψ 0,2 (t) we can substitute it into Eq. (S7c). Doing so will kill the triple integral term, asĥ(t) contains photon lowering operators that will commute withφ † (t 2 ). The differential equation for the state when both photons have been absorbed is then
The photon operators in the last term in (S11) can be brought into normal order past the exponential of the operatorΓ, which only contains atomic operators. The commutator then brings a delta function of t − t 1 which causes the integral to vanish. The final expression reduces to
which integrates to
Finally, we can substitute this into (S10), and the result into the equation (S7a) for |ψ 2,0 (t) , which can then also be integrated directly. Multiplying both sides by G| yields (for sufficiently large t) the final two-photon state
While complicated by the presence of the atomic operators in the exponentials, this clearly has the same structure of the solution for two atoms that we presented in Eq. (31) of [12] ). The "nonlinear" terms are the two quadruple integrals. The first one involves sequential excitation of two atoms, whereas the second one involves two atomic excitations overlapping in time (what we call the "doubly excited" state).
It is not very hard to deal formally with the exponential of the atomic operatorΓ. Inspection shows that, in the first of the quadruple integrals in (S14), all that is required is to diagonalize the matrix that representsΓ in the subspace of states with only one atom excited, which has dimension N a and whose elements can be simply written as |i , i = 1, . . . N a . We have then
Diagonalizing this as M = P DP −1 we can write
in the subspace in question.
For the doubly-excited term, we note that the firstĥ operator (ĥ(t 4 )) takes us to the subspace with one excitation, where we can use the result we have just derived for the term e −Γ(ti−tj ) . We can perform a similar process for the e −Γ(t3−t4) , but then the next operator,ĥ(t 3 ), takes us to the subspace with two excitations, so we need the form of e −Γ(t2−t3) in that subspace. If we label the two excited atoms l and m, with l < m to avoid double counting, we see that this subspace has dimension N a (N a − 1)/2, and that l| m|Γ|r |s = θ l,s δ m,r + θ l,r δ m,s + θ m,s δ l,r + θ m,r δ l,s (S17)
At this point, some bookkeeping is necessary. For any N a , we create a list of pairs (l, m), with 1 ≤ l < N a and l, m ≤ N a , and number the elements by a single index j, 1 ≤ j ≤ N a (N a − 1)/2. We call l ≡ j [1] and m ≡ j [2] the values of l and m corresponding to the state j. We can then introduce a matrix M ′ with elements M [2] , and its diagonal representation D ′ , satisfying M ′ = QD ′ Q −1 , which allows us to write
in the two-excitation subspace. All this allows us to write Eq. (S14) entirely in terms of photon operators and matrix elements. We assume that the initial state is of the form
(i.e., two counterpropagating photons with identical envelopes), and define the following sums:
With this, the final scattered spacetime envelope for the pulses, corresponding to both counterpropagating photons passing through, is
We have labeled the eigenvalues of D as Γ p , and those of D ′ as Γ ′ r , in terms of which the functions G Γ and E r,p are given by
Unfortunately, for a Gaussian pulse it is impossible to derive an analytic form for E r,p , making a computational solution in the time domain prohibitively expensive. Fortunately, by translating these into the frequency domain it becomes possible to create efficient code that can calculate factors like the norm and fidelity.
It is trivial to translate terms that are separable in t 1 and t 2 to the frequency domain. Definingf (ω) =
as the Fourier transform of f , it turns out thatG Γ (ω) =f (ω)/(Γ − iω). Additionally, it is relatively straightforward to show that the double Fourier transforms of the entangled terms are
In these equations,f
which is very similar in form to Eq. (A7) in [19] and, for a Gaussian pulse off (ω) =
, is
Substituting these equations into Eq. (S22) the final, two-photon scattered spectrum for two initially unentangled, counter-propagating, identical photons through N a arbitrarily spaced emitters is
where we have made use of the fact that, due to symmetry, Σ
. Finally, from the structure of this equation we can essentially read off the single photon transmission coefficients for a photon transmitting from the right t a (ω) and from the left, t b (ω), as the first line of Eq. (S28) contains a term that looks like two independent transmission events. We note that we have indeed rigorously derived these quantities and that they are consistent with transmission coefficients derived using the meth od in [20] and applying the Markovian approximation.
By symmetry, we clearly have t a = t b ≡ t N (the single-photon transmission coefficient for N = N a /2 sites mentioned in the main text). In calculating the fidelity in Fig. 4 and 5 of the main text we used the following equation.
ANALYTIC APPROXIMATION FOR NON-INTERACTING ATOMS
The result (S28) in the previous section is exact within the Markovian approximation. It is also amenable to numerical evaluation, at least for reasonable numbers of atoms N a , and this is how we have obtained all the numerical results in the text. However, it is not very transparent, so for insights on what is going on in the system we present in this section an approximate solution, based on the concatenation of the single-site scattering matrix (where a single site is a pair of TLEs) N times over, along the lines of the paper [11] .
We recall here that the scattering matrix connects the scattered spectrum,f ab (ω 1 , ω 2 ) to the incoming spectrum, here assumed to be of the formf (ω a )f (ω b ), through the equatioñ
As mentioned in the text, under near-unit transmission conditions, we find, from the results in [12] , the following approximate two-photon scattering matrix (for counterpropagating photons), for a single atom pair:
where
(with Γ ≡ g 2 ) and
Equation (S32) can be derived from the Fourier transform of Eq. (45) in [12] for the function f ab , with a few approximations, some of which are mentioned immediately below Eq. (48) in [19] . One is to neglect the contribution from the doubly-excited state; the other, to neglect the product of two reflection coefficients ρ(t 1 )ρ(t 2 ). We do want to keep the dependence on ω to lowest order in the transmission coefficient, however. This is already given in the frequency domain by Eq. (16) in [19] . We need to set φ as a constant (independent of frequency) in that equation (the "Markovian approximation"), then let δ = −Γ tan φ, and then expand the logarithm of the prefactor in a power series of x ≡ ω/Γ:
This gives the approximate transmission coefficient (S34) (making use of the condition tan φ = −δ/Γ). Using this result we can write the N -site scattering matrix as
As shown in [11] , the sum over j is the essential ingredient to get rid of spectral entanglement. Following the same steps as in that paper (Eqs. (60) through (64)) we obtain, in the large N limit, the result
The product of delta functions can then be handled as in Eq. (65) of [2] . The final result is still entangled, but becomes a product state in the strong adiabatic limit, when we let Γ ± ≫ σ ω . One finds then
Using tan φ = −δ/Γ and the definition of Γ ± , it is straightforward to verify that the term in square brackets is simply equal to −e 2iφ . Hence, the two-photon wavefunction is equal to the product of two single-photon ones, times the phase factor −e 2iφ = e i(2φ±π) . Unfortunately, it is impossible to make the "usable phase" Φ = 2φ ± π equal to π or −π, since that requires φ = 0 or 2π, and hence δ = 0. It is clear from the results in [19] , however, that the single-photon transmission window for non-interacting atoms vanishes as δ → 0. Hence the compromise solution we have adopted, which is to set δ = Γ, φ = −π/4, and thus Φ = π/2. This is also a good choice from the point of view of trying to reach the adiabatic limit, which requires both Γ + and Γ − to be large; for φ = −π/4, one has |Γ ± | = Γ( √ 2 ± 1), which means that, although Γ − is smaller than Γ, it only takes an extra factor of 2 to reach the Γ − ≫ σ ω regime.
DETAILS ON THE OPTIMIZATION OF THE NON-INTERACTING ARRAY OF ATOMS
In order to derive the optimized spacing for the non-interacting array of N a atoms that leads to high transmission, we start with the solution for a single pair presented in [12] and treat the system as an array of N = N a /2 pairs, as shown in Figure S1 below.
In the Markovian approximation, the phase shift experienced by a photon when traveling from location z i to location z j is written simply in terms of the central wavevector as k f (z j − z i ), neglecting the variation of k over the components that make up the wavepacket. Thus, if the distance between two adjacent pairs is a, as in the figure, we treat this as a constant (frequency-independent) multiplicative factor of e iφa = e ikF a in all the calculations that follow. The single-pair transmission coefficient, on the other hand, varies over the wavepacket's frequency components in a non-negligible way. The approximation (S34) above is fine for a single site, but over N sites, if N is large, one needs to keep the next-order contributions in ω/Γ, which result in |t(ω)| < 1. Note that in the main text we argued that, for the gate to work, we need σ ω d/c ≪ σ ω /Γ, so our concern with the cumulative effect of terms of order σ ω /Γ is still compatible with the Markovian approximation.
To maximize the transmission through the array, then, we describe a pair of TLEs by the full single-photon, twoatom transmission and reflection coefficients we derived in Eq. (16) and (17) of [12] , and optimize the distance d between it and the next pair for maximum transmission by treating the two pairs as an "optical cavity." We then find the overall reflection and transmission coefficients of the "cavity" by summing up a series of reflection and transmission events, just as we did for the single pair in Eqs. (18)- (22) of [12] .
In this way we were able to find a complicated, but still analytic, expression for the transmission of the two-pair system as a function of ω and φ a , which is maximum, at ω = 0 (which corresponds to the wavepacket's central frequency), when φ a = π − arctan (Γ 2 − δ 2 )/(2Γδ) . For the choice of δ/Γ = 1 this gives an optimal spacing of φ a = π.
We then repeated this process several more times; we used the analytic transmission coefficient for two pairs separated by a phase of π and considered a "cavity" of four pairs (eight atoms) with the center of each array of two pairs separated by a new, undefined phase difference φ a . We optimized this system in the same way, finding where the reflection coefficient was minimized near resonance. Finally we iterated the process to find the optimal phase between two arrays of eight atoms, then two arrays of sixteen atoms. This process led to the optimal spacing see in 
FIG. S2:
Plot of the reflection probability as a function of Γ/σω for different inter-atomic distances. The points labeled "π Pair Spacing" correspond to pairs that are evenly spaced at a distance of φa = π, the ones labeled "Optimized" correspond to the optimal spacing shown in Fig. 3 of the main text, and the grey curves represent the different transmission maxima given in [15] for an array of equally spaced atoms.
In Fig. S2 , to show that this optimal spacing does indeed work better than other possible choices, we plot the reflection probability for a single photon with a Gaussian profile. We use: the optimal spacing described here, a spacing where the atoms are arranged in pairs and each pair is separated by φ a = π from its neighbors, and a lattice with the phases between atoms all being the same and given by the maxima found in the paper [15] by Tsoi and Law. As can be seen, in the adiabatic limit of Γ/σ ω ≫ 1 (when the gate functions best) our optimal spacing leads to a significantly lower reflection probability.
